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QJ , Abstract 
^ ■ 

Higher order renormalization in 4D quantum gravity is carried out using 
dimensional regularization with great care concerning the conformal-mode 
^ ■ dependence. In this regularization, resummation can be automatically 

carried out without making an assumption like that of David, Distler and 
Kawai. In this paper we consider a model of 4D quantum gravity cou- 
pled to QED. Resummation inevitably implies a four-derivative quantum 
gravity. The renormalizability is directly checked up to 0{ef) and O(t^), 
where and tj. are the running coupling constants of QED and the trace- 
less gravitational mode. There is no other running coupling constant in 
our model. The conformal mode is treated exactly, which means it is un- 
renormalized. It is found that Hathrell's results are included in our results. 
As a by-product, it is found that a higher-order gravitational correction 
to the beta function of QED is negative. An advantage of our model is 
that in the very high-energy regime, it closely resembles exactly solvable 
2D quantum gravity. Thus, we can study physical states of 4D quantum 
gravity in this regime in parallel to those of 2D quantum gravity, which 
can be described with diffeomorphism invariant composite fields. 
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1 Introduction and Summary 



Einstein's general relativity has been extremely well tested, and it has been 
believed that the graviton exists in a classical description and to obtain a quan- 
tum description, it should be quantized [|], 0, 0. However, the existence of the 
graviton at the quantum level has not yet been conclusively demonstrated. It 
is well known that Einstein's theory is unrenormalizable and that the action is 
unbounded below. Also, it is doubtful whether the usual graviton picture can be 
applied beyond the Planck mass scale, where the ordinary particle picture seems 
to become invalid gravitationally. 

In an attempt to resolve the problem of renormalizability, a four- derivative 
gravity Q-fl^ has been investigated, because in this case the gravitational cou- 
pling constant becomes dimensionless, and we can avoid the unboundedness prob- 
lem of the gravitational action. Furthermore, in four-derivative gravity, neither 
infrared (IR) effects nor ultraviolet (UV) effects can be ignored. This is in accor- 
dance with the concept of background-metric independence, because it implies a 
loss of physical distance. For these reasons, four-derivative gravity is prefered as a 
quantum theory of gravity that is independent of the background metric . 

However, many problems remain to be solved in existing four-derivative grav- 
ity models. One is renormalizability. Although these models are renormalizable 
in the sense of power-counting 0-[|lO|) this does not imply renormalizability in 
the true sense. In fact, it has been pointed out that inconsistencies will appear 
at higher orders O, |13|. The second problem is that the action introduced 



to make the action bounded below is not asymptotically free 0. The third 



problem is unitarity [H, ||, [TT[. There is an idea regarding unitarity proposed 
by Tomboulis P] based on the argument of Lee and Wick [^. In short, this 
idea is that gravitational quantum corrections move a ghost pole to a pair of 
complex poles on the physical sheet. In relativistic theory, it is known that a 
vertex decaying from real-pole states to such complex-pole states gives measure- 
zero contributions. Thus, there is no vertex decaying into ghosts in 4D quantum 
gravity. The proof of unitarity seems, however, nonrigorous. To begin with, it 
is not understood what constitutes a physical state in 4D quantum gravity, as 
the strong IR behavior seems to make physical states change. Ghosts might be 
concealed by the physical state condition, reflecting the background-metric inde- 
pendence. In this paper we investigate these issues, especially the problems of 
renormalizability and the nature of physical states. 



Recently, through studies of 2D quantum gravity |^-^^, it has come to be 



understood that all of the problems mentioned above arise because the formu- 
lation does not correctly preserve diffeomorphism invariance. In this paper, we 
show that dimensional regularization [0], carried out with great care concerning 



the conformal-mode dependence p^, pSl B^, ISO], is advantageous because it man- 



ifestly preserves diffeomorphism invariance and that the resummation process 
explained in the next section can be automatically carried out without mak- 
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ing an assumption like that made in the procedure of David, Distler and Kawai 
(DDK) [H]. 

Near two dimensions, the D-dimensional action is almost unique, and it is 
given by the scalar curvature, R. However, near four dimensions, there is an 
indefiniteness in D-dimensional gravitational actions. To determine the actions 
here, we need extra conditions other than diffeomorphism invariance. Our pro- 
posal is that there are Z)-dimensional actions, and Go, which become, respec- 
tively, relevant and marginal at the quantum level, and by using these actions we 
can construct a renormalizable model described by 

r ( 1 1 np _ s. 

1 = J d^'x^i^^Fo + bOn + -^F^uF^' + J] - m'R + A j 

[which is ( |4.1j ), below]. The explicit forms of Fd and Gd are presented in Section 
3. The Fd term is naturally given by the square of the D-dimensional Weyl tensor, 
while the marginal term, G r, , which is a combination reduced to the Euler density 
at D = 4, is rather non-trivial. To determine the form of Gn, we consider the 
resemblance of the 2D quantum gravity action, i?, near two dimensions and Go 



near four dimensions. Furthermore, considering the integrability condition 32 



for conformal anomalies |33|-|33] near four dimensions, we are able to determine 
Gd- 

All bare coupling constants and fields, except for the bare constant, 6, and 
the conformal mode, are renormalized in the usual manner by introducing a 
renormalization factor, while the conformal mode, which is treated exactly, is 
not renormalized JlSl and 6, which is composed of purely pole terms, is treated 
in a slightly different way. This model has two coupling constants: the QED 
interaction, e, and the self-interaction of the traceless gravitational mode, t. The 
running coupling constants are only their renormalized versions, and t^. The 
bare constant h is not an independent coupling constant. It is expanded in the 
coupling constants t and e, and the effective action associated with the hGo term 
has a scale-invariant ioim. |jl2[. These points are discussed in Sections 4 and 5. 
The renormalizability is directly checked up to O(e^) and 0{t1) in Section 6. We 
find that Hathrell's results |2^ are contained in our results. 

The beta function for the renormalized coupling constant, tr-, is given by 

(np IQ\ tl ^np eltl . 
^* - " 1 40 + y j (4^ " 288 (4^ + ^^^^^ 



[which is (6^)]. Thus, the theory is asymptotically free with respect to tr- For 
the renormalized coupling constant, e,., we obtain the beta function 

[which is ( |6.23| )]. Here, the term proportional to l/6c is a gravitational correction, 
and he = 1171^/360 + 40/9. Note that the O(e^) term becomes negative for 
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Hp > 24. The results for (3t and (3e seem to suggest that all terms in the beta 
functions related to gravity are negative. Hence, provided that the coefficients 
of 0{e^tf.) and 0{ertj) in Pe are negative, we can make Cr and tr sufficiently 
small asymptotically at very high energies, when the running starts from near 
the Planck mass scale, where both coupling constants (especially tr) may be large. 

An advantage of this model is that we can exactly prove background-metric 
independence for the conformal mode in the limit that all running coupling con- 
stants vanish |15, l7|. Such a limit may be realized in the very high-energy region. 
This free field model is completely analogous to 2D quantum gravity. As is well 
known, 2D quantum gravity can be solved exactly Q , and its physical states 
can be classified completely using operator formalism [^. In four dimensions, 
it is not simple to construct an operator formalism in which composite fields can 
be treated. In dimensional regularization, however, there is a a close relation 
between them, and for this reason, physical states in 4D quantum gravity can be 
investigated in analogy to those in 2D quantum gravity, as discussed in Section 
7. The last section is devoted to conclusions and discussion. 



2 Resummation in Quantum Gravity 

In this section we summarize the idea of resummation in 4D quantum gravity. 
In general, the idea can be applied to any even- dimensional quantum gravity 
system. 

We first give a general argument regarding resummation in exactly four di- 
mensions. Diffeomorphism invariant quantum gravity is formally defined by func- 
tional integration over the metric, 

where / is a matter field and / is an invariant action. The measure of the metric 
is defined by the norm 

\\9-'dg\\l = j d'x^tr{g-'dg)\ (2.2) 

where {g'^dgY^ = g^^dgxu- 

To formulate a well-defined quantum theory of gravity, we must introduce a 
non-dynamical background metric, g, and use the measure defined on this back- 
ground metric, which is obtained by replacing ^/g in ( p. 21) with ^/g. However, 
this replacement violates diffeomorphism invariance. Measures defined on g are 
no longer invariant under a general coordinate transformation. To recover diffeo- 
morphism invariance, we must add a local action, S. Hence, we have 

vol(diff.) """P^ ^ ^^-^^ 
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This is the idea of DDK , which was first developed in two dimensions ^ 



26[] and then generahzed to four dimensions The local action S" is a four- 



derivative quantum mechanical quantity that can be considered a contribution 
induced from the measures. When we quantize gravity, we must quantize this 
local action again as a tree action and develop a perturbation theory. We here 
call this procedure resummation in quantum gravity. 

Resummation works well in two dimensions, where the traceless mode is non- 
dynamical, so that 2D quantum gravity can be described as a free theory. The 
idea of DDK can be put into practice using a procedure in which, after assuming 
the form of the local action, its overall coefficient is determined from the condi- 
tion that the theory becomes background-metric independent. However, in four 
dimensions, the traceless mode becomes dynamical, and there is no method to 
treat it, except for perturbation. The DDK method becomes unclear at higher 
orders of the perturbation. Thus, we need a more rigorous method to perform 
resummation without making any assumption. 

The following important observation is believed to be true: When we use di- 
mensinal regularization, the results are independent of how the measure is chosen, 
because in this regularization 5^(0) = / d^p = 0. Here, a question arises: Where 
has the local action S gone? In this paper we show that information regarding S 
is completely included between D and 4 dimensions. Thus, dimensional regular- 
ization carried out with great care concerning the conformal mode dependence 
may be a manifestly diffeomorphism invariant regularization. This idea was first 
applied to 2D quantum gravity by Kawai, Kitazawa and Ninomiya [B^ and by 



Hathrell pq, 29] to field theories in curved spacetime. 



3 Dimensional Regularization in 4D Quantum 
Gravity 

There is a problem when we apply dimensional regularization to 4D quan- 
tum gravity. In exactly four dimensions, we usually use the combinations of the 
curvatures 

-^4 = RfiuXaR^"^"" — '^RfiuR'^" + g-R^, (3.1) 
G4 = R^^XaR'^"^'^ — ^RfivR^^ + R^i (3.2) 

and i?^, where F4 and (^4 are the square of the Weyl tensor and the Euler density 
in four dimensions, respectively. In D dimensions, however, we can generally 
consider arbitrary combinations of R?, R^yR^^ and Rf^^xaR^'^^" , which reduce 
to F4 and G4 at D = 4. Here, we describe such combinations as Fd and Gd, 
respectively. 

The proposal of this paper is that the gravitational actions Fd and Gd are 
almost uniquely determined such that the actions Fd, Gd o,nd R^ become, respec- 
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lively , relevant, marginal (or scale invariant) and irrelevant at the quantum level, 
and a renormalizable quantum gravity can be constructed using only two actions, 
Fd and Go, apart from lower derivative gravitational actions. 

In this paper, we consider a coupled system of gravity and QED. In the 
following, we first discuss the QED sector and then determine Fd by noting the 
resemblance to the gauge field action. The action Gd is determined by noting 
the analogy to the action of 2D quantum gravity near two dimensions and also 
using the integrability condition for conformal anomalies near four dimensions. 



3.1 QED sector and F, 



D 



We first study the QED sector in D dimensions. Although the gauge field ac- 
tion is conformally invariant in exactly four dimensions, it is not in D dimensions. 
Thus, the gauge field action becomes 

i j d^x^F.^F^'' = 1 1 rf^xy^ e(^-^)* rY^'F^^F,^. (3.3) 

Here, F^i, = V^Aj, — V^A^ = d^A^, — dfj,A^, and the metric is now decomposed 

= e^'^-g^, (3.4) 



as i7| 
and 



V = (^e*")M. = 9,>^[^\ + th\ + t^{h^)\ + ■■•), (3.5) 

where h^y = g^\h\ and tr{h) = 0. The gravitational coupling constant t is 
introduced only for the traceless mode. 

Because the fermion part is conformally invariant in D dimensions, we can 
remove the conformal-mode dependence by properly rescaling the fermion fields. 
Hence, there is no direct coupling between the fermions and the conformal mode. 

Next, consider the action F^, which gives the kinetic term of the traceless 
mode. This action is analogous to the gauge field action. Thus, the most natural 
choice of F^ is that expressed in terms of the D-dimensional Weyl tensor, C'*'^^^, 
as 

4 2 
= R,.>..R^^ - - -^-^R^^R^^ + ^^^^ _ ^^R\ (3.6) 

Since this satisfies the equation Fd = e'^'^Fo, the action becomes 

^ J d^x^gFD = ^J d'^xfg e^^'^^^^F^, (3.7) 

where the action is divided by t^ to make the kinetic term of the traceless mode 
independent of t. 
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3.2 Determination oi Gd 

Here, we first point out that is an action that reduces to the Euler density 
at D = 4. Hence, there is a resemblance between Gn near four dimensions 
and the scalar curvature R near two dimensions. In order to determine Gu, we 
consider this resemblance. 

The scalar curvature in D dimensions, which is the only possibility for the 
action of 2D quantum gravity, is expanded around D = 2 as 

d^x^R = f ^-^^S^:^ (3.8) 

n=0 "'■ 

and 

S^n\^,9) = I d^x^g 0"(A20 + i?) +0(0"), (3.9) 
where A2 = — □ = — V'^Va. Note that the action Sf''' is the well-known Liouville 



action, or, the local part of the non-local Polyakov action The action for 
n > 1 is a generalized form of the Liouville action. Its non-local form is discussed 
in Section 5. 

In analogy to 2D quantum gravity, here we look for a four-derivative diffeo- 
morphism invariant action expressed by the following series around D = 4: 



/ d^x^gGn = E ^-^^Sj^K (3.10) 



with 

Sl^\<j),g)= fd''xJ^r{2A,<j) + E,) + 0{r). (3.11) 



Here, the operator A4 and the quantity E4 are defined by 

A4 = + 2i?^'^V^V. - ^i?n + ^V^i?V;, (3.12) 

and 

= G4 - -UR. (3.13) 
3 

In exactly four dimensions, y^A4 becomes a conformally invariant operator for 
a scalar field, and E4 satisfies the equation ^/gEi = v^(4A40 + E4), which is a 
four-dimensional generalization of the equation ^/gR = v^(2A20 + -R) at D = 2. 
Thus, the relation between R at D = 2 and E4 at D = A is apparent. 

The first term of the action, s[^\ is the local part of the Riegert action [|l^, 
which is a four- dimensional version of the Polyalov action. The non-local action 
for n > 1 corresponds to a generalization of the Riegert action, which is also 
discussed in Section 5. 

To determine Gn explicitly, here we apply the argument concerning the in- 
tegrability condition for conformal anomalies given by Bonora, Cotta-Ramusino 
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and Reina p2[. Consider the general form of the conformal variation of the 



effective action in D dimensions, 

6^r = Jd''xy^u{viR,,x.R^'''''+V2R,uR'"'+V3R'+V40R+V5F,.F^'''}. (3.14) 

Because proper combinations of terms on the r.h.s. are just possibihties for 
counterterm actions, or bare actions, we wish to reduce the number of coefficients. 
To this end, we impose the integrabihty condition [5^^^, ^0^2]^ = in D dimensions, 
which gives the following relation among the coefficients (see Appendix A): 

4r], + Dr]2 + A{D - l)r/3 + {D - 4)774 = 0. (3.15) 

In contrast to the case for D = 4, we cannot take r/4 itself to be arbitrary in 
D dimensions, while 775 remains arbitrary. We can see that the combination of 
Fn and G4 satisfies equation ( |3.15|) . As another independent combination, we 
here introduce a D-dimensional extension of what is called the trivial conformal 
anomaly, 

= °^ ~ 4(D - ^^'^^^ 
though it is no longer trivial in D dimensions. This combination is obtained from 
the conformal variation of R^ as 6^^ J d^x^/gR'^ = —4{D — 1) / d^Xy/guMo- 

Here, we add a condition implied by the analogy to 2D quantum gravity. 
Specifically, we look for a combination E^, = G^ + rjM^, such that / d^Xy/gEo = 
J d^x^/g{G4 — Tj-^^^R?) possesses the property of the series ( p.lO| ). This con- 
dition determines rj uniquely as r/ = ~JjJzyj{d^- (The details of the calculation 
are presented in Appendix B.) Hence, we obtain 

Ed = Gd- 4(Z}-3)^ 



where 



r -r I (^-3)^(1^-4) 



Here, Ed is a Z)-dimensional generalization of E^ ( |3.13|) , and G^i is just what 
we seek. As in the cases of F^, G4 and F^yF^^ , the conformal variation of the 
spacetime integral of E^ is proportional to E^ itself multiplied by D — 4, as 



5. 



j d^x^Eo = {D-A) J d^x^ ujEd- (3.19) 



Thus, on the basis of the argument of the integrabihty condition and the resem- 
blances to gauge theory and 2D quantum gravity, the most natural set of confor- 
mal anomalies near four dimensions may be {F^, E^, M^, F^j^F^^}. The combi- 
nations Fd and Ed (or Gd), as well as conformally invariant matter actionsjlrepresent 



^Mass terms are allowed, because they are harmless to UV divergences. 
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possibilities for the bare actions of 4D quantum gravity near four dimensions. As 
discussed in Section 6, the higher-order computations of conformal anomahes 



in curved spacetime carried out by Hathrell |28, 29, 30 1 strongly support these 
combinations. 

Expanding the spacetime integral of s/gGr, around D = 4, we obtain 

= J d^x^!^G4 + {D-A)(2(j)A4<j) + Ei(f) + ^R^^ (3.20) 
+^{D - 4)2 (202 A40 + ^40' + 0(02; 
+0{{D-4f 

Hence, the 0(0) term in S'j^^ is determined to be j^R"^- 

We close this section by commenting that the actions derived above are almost 
unique. We have the freedom to change the 0(0") terms in S'^^) ^n^j 
R^ R + *{D - 2)R near two dimensions and Go ^ Gd + *{D - 4)Gd + tl(-D - 
AYMd near four dimensions, where * and \\ are arbitrary constants. However, as 
discussed in Section 7, the 0(0") terms would not affect the physical quantities, 
such as the beta functions and anomalous dimensions. Hence, in this sense, they 
are almost unique. An ambiguity proportional to can be absorbed into the 

term. 



4 Renormalization 

We conjecture that the following quantum gravity model is renormalizable: 
1 = j d^'x^^-FD + hGD + -^F^uF^"" + i^jjpilj, - m^R + a|. (4.1) 

The Dirac operator on general manifolds is defined hj p= e^"7Q,D^, where is 
the vierbein field satisfying the relations e^e^a = diiu and c^qC^^ = 6af3, and the 
Dirac gamma-matrices on the fiat manifold are normalized as {70,7/3} = —26ai3- 
The covariant derivative for fermions is given by = dfj, + ^uj^a^YI^^ + ^eA^, 
where the connection 1-form and the Lorentz generator are defined by ijj^ap = 
e\{d,e,p - rVeA/3) and = 

The renormalization is carried out in the usual way, apart from the Gd term, 
by replacing the bare quantities in / with the renormalized quantities multiplied 
by the renormalization factors. To make the model finite, we need the following 
renormalization factors: 
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The coupling constants of QED and the traceless mode are renormahzed as 



e = ZgCr, t = ZtU- (4.3) 

As discussed below, the Ward-Takahashi identity holds even when QED couples 
with quantum gravity, so that Ze = . The important property of this model 
is that the renomalization factor for the conformal mode is unity; 

Z^ = 1. (4.4) 

The running coupling constants of this model are only and tj.. The inverse 
of the gravitational constant, m?, and the cosmological constant. A, are also 
renormahzed. The renormalization of the Gd term is discussed in Subsection 
4.2. 

Of course, diffeomorphism invariance does not prohibit us from considering 
the extended model consisting of I' = I + k J d^x^R"^, where k > 0. This model 
might be renormahzed in the perturbation of k with Eq. (|4.4|) preserved. At the 
one-loop level, it becomes asymptotically non-free [l^. On the other hand, the 



integrability condition seems to suggest that k has to vanish |[T^, In any 
case, our assertion is that the model can be renormalizable at k = provided 
that matter fields are conformally invariant. 

As discussed in the previous section, the action in D dimensions has a non- 
trivial conformal-mode dependence apart from the fermion sector. As mentioned 
below, the renormalization procedure is carried out by regarding, in the Laurent 
expansion of the bare action, the terms with non-negative powers of D — 4 to be 
propagators and vertices and those with negative powers of D — 4 to be countert- 
erms. 



4.1 New vertices in the QED sector and Fd 

The renormalization factor is given by the Laurent series of poles whose 
residues are functions of and tr- To begin with, is taken as 

The residues are calculated in Section 6. Using this expression, the gauge field 
action ( |3.3| ) is now given by 

\ I d^'x^F^^F^^ 

= \z^ J t/^xe(^-^)<^r'r"i^;.i^L (4.6) 



A J IV D-A {D-4) 
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+(d-4 + xi + -^ + ---)0f;,f;. 



1 

'2 

+ 

where we take g^^ = 5^^, and the same lower spacetime indices on the r.h.s. 
denotes contraction by 5^^. In the above expression, we omit the interaction 
terms between the gauge field and the traceless mode, which can be easily derived 
from the definition. 

Similarly, the action of the traceless mode, y^Fp, can be expanded in terms of 
the renormalized quantities using expression ( ^.7[ ) and the renormalization factors 
Zt and Zh. Although the expression becomes more complicated, the expansion 
is straightforward. We do not give it here. 

Fermion fields are conformally invariant in D dimensions. As mentioned 
above, we can remove the conformal-mode dependence from the fermion action 

CD-I) , 

by replacing the fermion field, V', with the rescaled one, ip = e 2 fifj^ so that 
/ X y/giip pip = J d^ x\/giip' ]pip' . Because in dimensional regularization the re- 
sult is independent of whether ip or ip' is chosen, we quantize ip' . In the following, 
we write %p' as ip. 

The bare fermion action is expanded in the coupling t in the fiat background 

as 

j d^xiijpip 

= J d^xi^iip-f^df,ip - i^{ip-ff,d^ip - 9^V'7mV) V 

t'^ - - - 

+iT7:{'4'ltidu^ - du^lt,^)h^xK\ + i—ipl^uxi'hf.adxKa (4.7) 
io io 

et - et^ - 1 

-cV'Tm^^m + -l^i^l^li^^vh^y - —ip'j^.ipA^h^xhuxj + O(t^), 

where 7^,^a = ^{ifilulx + anti-sym.). Replacing the bare quantities with the 
renormalized quantities, we obtain vertices and counterterms, as usual. 

4.2 Kinetic term of the conformal mode and new ver- 
tices in bGo 

The UV divergences related to the Gd term are renormalized by writing b as 

b = V , " . (4.8) 

Here, we take bo = 0, because the tree part, boy/gGc, does not have a kinetic 
term for the gravitational fields, so that it is not a coupling constant. Then, using 
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expression ( |3.2CI| ), we obtain 
b J d^'x^Go 



D-A ' {D-Af 
+ (^1 + + ■ ■ ■) + ^40 + l^R^) (4.9) 

- 4)6i + 62 + ■ ■ ■) (2(/.'A40 + ^40' + 

+ 

We must give some remarks concerning this counterterm. The first is that the 
kinetic term of the conformal mode is induced by quantum effects, whose overall 
coefficient is given by the residue of the simple pole, hi. The residue of the double 
pole, 62? produces a local counterterm for the kinetic term of the conformal mode. 
However, this does not imply that differs from unity. The second is that, even 
if we take 60 7^ 0, which corresponds to the shift Go — ^ Gd + *{D — A)Gd 
discussed at the end of Subsection 3.2, the physical quantities are not affected by 
its value, as discussed in Section 7. The third is that 6 is a bare quantity, though 
we expand it in the renormalized coupling constants. 



5 Higher- Order Effective Action 

In this section, we give brief comments on the renormalized higher-order ef- 
fective action. Above, we showed that the Laurent expansions of the bare actions 
using the renormalized quantities produce new local vertices. The overall coeffi- 
cients of these vertices are related to the UV divergences of higher-order diagrams. 
The higher-order diagrams also produce finite non-local terms. Thus, the renor- 
malized effective action of quantum gravity, F, is given by the sum of the local 
renormalized vertices in J, described by and the non-local actions produced 



by the loop diagrams, W , so that T = 1^ + W ||T^ . 

For the gauge sector, the new vertex (p"- FJ^^^FJ^j^ is related to the non-local term 
ArP^llogp^/ 11'^)"' Aj. in momentum space, where the spacetime indices are omitted. 
The sum of these terms gives the diffeomorphism invariant effective action. Sim- 
ilarly, the new vertex is related to the non-local term hr j9^(logp^//i^)"/ir 
in momentum space. 

Next, consider the effective action related to the counterterm of the Euler 
density. In two dimensions, the higher-order effective action related to the new 
vertices, S!;^\ is given by 



f 111 

J A2 ^2 
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2" 2 y" (fx^g 0"(A^0 + Rr) + non-local terms. (5.1) 



The n = 1 action is the well-known non-local Polyakov action |21|]. The important 
property of this action is that it is scale-invariant. The action for n > 1 is a 
natural scale-invariant generalization of the Polyakov action. Here, note that 
the first term on the r.h.s. is just the first term in the new vertices, The 
non-local terms can be obtained from higher-order diagrams. The 0(0") term in 
S^^ is necessary to make the theory diffeomorphism invariant, but it would not 
affect the form of the effective action directly. 

Now, we discuss the case of 4D quantum gravity. A four- dimensional version 
of the Polyakov action was constructed by Riegert [|T^. A natural scale-invariant 
generalization of the Riegert action is 



= 4" 2 y d*x^/^ 0"(2A^0 + El) + non-local terms. (5.2) 



The first term on the r.h.s. is just the first term in the new vertices, This 
is one of the reasons why we consider Gd to satisfy Eq. ( |3.10|) with ( p.ll| ). The 



non-local terms may be derived from higher-order loop diagrams. This is also 
investigated in Subsection 6.1 using a concrete expression. 



6 Direct Check of Renormalizability 

In this section, we directly check the renormalizability of the model proposed 
in the previous section up to O(e^) and O(t^). 

The procedure of gauge fixing for the traceless mode is presented in Appendix 
C. Here, we employ the Feynman-type gauge. Then, the propagator of the trace- 
less mode, which is described by a spiral line, becomes 

D-2 1 . . , , 

[Ih)i,vM^ (6-1) 



2{D-'i)p 

where Ih is the projection operator to the traceless mode ( P.9|) . 

The propagator of the conformal mode, which is described by a solid line, is 
derived from the action hiSf^ as 

^^^^ 

For later use, we here introduce the coupling-independent constant h^. by 



hi 



^{6e + 0(e^, tl)}. (6.3) 
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The value of be is determined by computing one-loop diagrams. 

In this paper we only consider UV divergences, and do not treat IR diver- 
gences. Essentially, there is no problem with IR divergences, because of the pres- 
ence of the Einstein-Hilbert action and the cosmological constant, which play the 
role of diffeomorphism invariant IR regulators. Technically, we evaluate diagrams 
by replacing the fourth-order propagator with + where z is a small 
mass scale. 

In the following, we set D = 4 — 2e. For later use, we introduce the dimen- 
sionless quantities described by symbols with tildes, such as t = e = e/i"", 
b = bfi"^^, and so on, where /i is an arbitrary mass scale. Here, we set the di- 
mension of the conformal mode to zero, while the traceless mode is of dimension 



6.1 Two- and three-point functions of the traceless mode 

We first review the known results for the two- and three-point functions of 
the traceless mode, which are related to the counterterms of y/gFi) and \^Gd- 





(a) (b) 
Fig. 1. Two- and three-point functions of the traceless mode. 
The renormalization factor Zt is given by 

The O(t^) term is the sum of one-loop contributions from the QED sector and 
the gravitational sector. The contributions from the one-loop diagrams with the 
internal photon, fermion and conformal mode can be calculated from the two- 
point functions of the traceless mode [Fig. l-(a)], because Zh for these diagrams 
is gauge invariant, so that the relation Zt = Z^^"^ is satisfied at this order. They 
give the contributions — — 1/40 [^] for the QED sector and 1/60 JTSf for 
the conformal mode. However, the contribution to Z^ from the internal trace- 
less mode is, in general, gauge dependent, so that 7^ . To calculate 

the contributions from the traceless mode, the background field method 



^ ^ is 

useful. Introducing the background traceless mode as g^^y = and calculat- 

ing the two-point functions with the external h fields replaced by we obtain 
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—199/120 for Zt, due to the relation Zt = , where is the renormahza- 

tion factor of the background field h^j^. The 0{e^t1) term is the sum of two-loop 
contributions from diagrams in which only photons and fermions propagate in 
the internal lines [^. Hence, the beta function for the traceless mode coupling 
constant tr is 

Thus, this model is asymptotically free with respect to tr |^ §. 

The residue of the counterterm of y/gGo can be calculated from the three- 
point functions of gravitational fields. For the simple pole term, it is known to 
be 

The coupling-independent term in bi is the sum of the contributions from the 
QED sector, (llnj. + 62)/360 fSSf, the conformal mode, -7/90 pf, and the 
traceless mode, 87/20 From this, the coupling-independent term be defined 
by equation (|673|) is 

= + ^2. (6.7) 

360 9 ^ ^ 



The double pole term is known to be 

We comment here on the diffeomorphism-invariant effective action. As dis- 
cussed in Section 5, it is given by the sum of the local action 7^, and the finite con- 
tribution from loop diagrams W, which contain both local and non-local terms. 
The one-loop contribution related to the counterterm of \fgGD has the form 

"'c(*)=(^/<;'xv^{i^l^^l-^fl?}. (6.9) 

This scale-invariant action can be obtained from corrections to the three-point 
function of the traceless mode. The -R^ term is needed to guarantee that Wq does 
not have any contributions from two-point diagrams of the traceless mode in the 
fiat background. We can show that in the sum of the action b\S'^^ in and Wq-, 
the non-invariant terms do cancel out, and the renormalized effective action 
becomes manifestly diffeomorphism invariant ||19|| : 

+ '^G{9r) = ^ / d'x^Ell^El. (6.10) 

This is the Riegert action, or the case of n = 1 in { f).2\ j. Thus, only the first term 
in sl'^^ determines the form of the effective action, as mentioned in Section 5. 
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6.2 Two-point functions of the conformal mode 



Because the properties of the traceless mode are analogous to those of gauge 
fields, the renormalization procedure for this mode can be carried out straight- 
fowardly. However, diagrams related to the conformal mode are unusual. We 
study these diagrams in this and following subsections. 

The double-pole term of b appears at O(e^) and, at most, 0{tj). This implies 
that there is no counterterm for two-point functions of the conformal mode up to 
0{ef) and 0(tf.). This can be seen by direct computation. We first demonstrate 
the finiteness of the 0{t^) correction, which is given by the sum of diagrams (a) 
and (b) in Fig. 2. The vertices in these diagrams are obtained from the action 
biSi^\(j),g), and they are summarized in Appendix D. We can see that the UV 



divergences exactly cancel out [IS 





Fig. 2. Oit"^) diagrams contributing to — 0. 

The O(e^) correction is trivially finite. The 0{ef) correction is given by the 
sum of diagrams (a) to (g) in Fig. 3. Here, the wavy line and the dashed 
line with arrows denote the photon and fermion, respectively. The subdiagram 
in (e), appearing as a circle with "2" inside, denotes the sum of the two- loop 
diagrams for the ordinary photon self-energy. We do not here depict counterterm 
diagrams that subtract the divergences of the subdiagrams. In the following, 
such counterterm diagrams for sub divergences are always omitted, and we only 
depict simple-pole counterterm diagrams for direct subtraction, whose residues 
are related to the residues of double poles in b and Z^. 

From counting the number of loops and e's at the vertices, we can easily see 
that diagrams (a) to (d) in Fig. 3 yield simple poles. Contrastingly, although 
diagrams (e) to (g) in Fig. 3 potentially have simple-pole divergences, these 
become finite because of the renormalization properties of QED that the sum 
of the two-loop diagrams for the photon self-energy has at most a simple pole, 
and the four-point function of the photon is finite. Thus, we merely compute 
diagrams (a) to (d) in Fig. 3, and we can see that their sum becomes finite [B^. 
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^-..rW^,-— ^ 



(a) 






(b) 



(d) 




(e) 





(f) 



(g) 



Fig. 3. 0{ef) diagrams contributing to 



Furthermore, using Hathrell's results we can demonstrate the finiteness 
of the O(e^) two-point functions of the conformal mode in which only photons 
and fermions propagate in the internal lines (Fig. 4). For the 0{e^) diagrams 
[Fig. 4- (a)] not depicted explicitly, we can see that the sum of the double poles 
vanishes. The sum of the simple poles does cancel with the direct counterterm of 
O(e^) [Fig. 4-(b)], which comes from the double-pole term of b, because, as shown 
by Hathrell, the divergences always appear with the special relation 62 = 2ci at 



O(e^) if we use the set of counterterms 6G4 and cH^, where H 



D-l 



and Ci 



is the residue of the simple pole of c. This relation is naturally realized in our 
model. From ( |3.18| ), the bare action bGo implies Ci = ''^"^i &2 = |&2 + 0(D — 4). 




(a) 



(b) 



Fig. 4. O(e^) diagrams contributing to 



The most important observation by Hathrell is that this relation is universal, 
independent of matter fields. Actually, it has been shown that this relation is 
satisfied in conformally interacting scalar field theory, by Hathrell [2S], and also in 
non-Abelian gauge theory, by Freeman [^]. Our proposal is, in other words, that 
this special relation also holds for quantized qravity. The fact that Zfp is unity at 
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0{t^) computed using the vertices in hS['^ is a consequence of the combination 
Gd- Thus, we see that is a universal combination in 4D quantum gravity. 

Now, there is no inconsistency between Hathrell's results and the renormal- 
izablity of 4D quantum gravity. Although his results have often been cited as 
evidence for the unrenormalizability of 4D quantum gravity, because it has been 
believed that divergences must vanish in order for an effective action to ex- 
ist |T^|, this is not true when we use dimensional regularization. 



6.3 On Zi = Z2 

In this subsection, we show that new gravitational interactions do not violate 
the Ward-Takahashi identity, Z\ = Z^- 

The 0{ff) corrections to Z2 by gravitational fields are given by two diagrams, 
(a) and (b) in Fig. 5, in which the traceless mode propagates in the internal 
line. Since fermion fields do not couple with the conformal mode directly, there 
is no diagram in which the conformal mode propagates in the internal line at the 
one-loop level. Hence, the sum of the two diagrams in Fig. 5 yields 

" ^ ^ (6.11) 



64 (47r)2 e 

for all species of fermions in the Feynman-type gauge 





Fig. 5. O(t^) corrections to Z^- 

In contrast to the case for Z2, the O(t^) corrections to Z\ are given by the 
seven diagrams (a) to (g) in Fig. 6. Nevertheless, we can show that the Ward- 
Takahashi identity holds even when QED couples with quantum gravity. 
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tip G-if Qij^tf' 

(e) (f) (g) 

Fig. 6. O(t^) corrections to Zi. 

The Ward-Takahashi identity is described by an equation in which the QED 
vertex function, A^, is equivalent to a derivative of the fermion self-energy, E, 
with respect to the external fermion momentum. Now, the vertex of type K^—^—ip 
contains derivatives of fermion fields, so that we must take care when determining 
the momentum dependence at the vertex. Let us first consider diagram (a) in 
Fig. 5. The fermion self-energy function from this diagram in the momentum 
space has, apart from an overall coefficient, the form 

^^"^ = 7m;^7a;^(/h)^.,a.(A; + 2pUk + 2p),, (6.12) 

where p is the external fermion momentum and k is the internal traceless-mode 
momentum. The momentum dependence, k + 2p, comes from the vertex of type 
h—ip—il). Thus, the derivative of E with respect to p acts not only on the fermion 
propagator but also on the momentum factor at the vertices, and hence 

+1„ y:|:^7A^(/H)„„,A42^„,(*: + 2p), + 2S,,(k + 2p)„}.(6.13) 

The first term on the r.h.s. of this relation corresponds to the vertex function A^"^ 
from diagram (a) in Fig. 6 when evaluated at zero momentum for the external 
photon. The second is the sum of A^*-* and A^*^-* from diagrams (b) and (c) in Fig. 
6, respectively. Thus, the sum of the vertex functions from (a) to (c) in Fig. 6 is 
equivalent to the derivative of S^") with respect to p. Hence, we can show that 
Z2 from diagram (a) in Fig. 5 is equivalent to the sum of Zi from diagrams (a) 
to (c) in Fig. 6. 

We can easily show that Z2 from diagram (b) in Fig. 5 is equivalent to Zi 
from diagram (d) in Fig. 6. In general, the Ward-Takahashi identity holds for all 
QED vertex functions obtained by attaching an external photon in all possible 
ways to a fermion line carrying the external charge flow, as in diagrams (a) to (d) 
in Fig. 6. This is because the vertex il)'^fj_il)Ay{h^)^jj is given through the minimal 
substitution Pu Pu — from the vertex ip'^fj^pyipilf)^^,^, apart from vertices of 
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the type h'^—ip—ilj with a derivative of the traceless mode, which is not affected 
by the differentiation with respect to the external fermion momentum. 

For the diagrams (e) to (g) in Fig. 6, there is no associated fermion self- 
energy diagram. However, such diagrams do not have divergences, because a 
vertex of the type h — A — A contains derivatives of the photon fields such that 
these diagrams vanish when evaluated at zero momentum for the external photon. 
Thus, we can show Zi = Z2 at O(t^). In general, QED vertex corrections with 
an external photon that stems from the gravitational vertices of types h^—A—A 
and (p'^ — A — A vanish when evaluated at zero momentum. 

To see that Zi = Z2 holds at higher orders, we need to show that all QED 
vertex corrections obtained by attaching an external photon to internal fermion 
loops vanish when evaluated at zero momentum for the external photon. To see 
this, we need to show that Furry's theorem holds in the case including gravita- 
tional fields, that is, that a fermion loop with an odd number of QED vertices 
vanishes even though arbitrary number of the traceless mode is attached on the 
fermion loop. This can be easily shown by noting that the photon field changes 
sign under charge conjugation, but the gravitational field does not change sign. 
Thus, QED vertex corrections including a fermion loop with an odd number of 
QED vertices, such as diagram (a) in Fig. 7, vanish. 

There are diagrams that are not forbidden by the generalized form of Furry's 
theorem, such as diagram (b) in Fig. 7. However, such diagrams vanish due to 
a gauge invariance when evaluated at zero momentum for the external photon. 
Thus, the identity Zi = Z2 holds also at higher orders. 



Fig. 7. Examples of QED vertex corrections obtained by attaching an external 



6.4 Gravitational corrections to Z3 

The gravitational corrections to Z3 at 0(tl) are given by two diagrams, (a) 
and (b) in Fig. 8. The UV divergences of these two diagrams exactly cancel, so 
that there is no contribution to Z3 at 0{t'^). 





(a) 



(b) 



photon to an internal fermion loop. 
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(a) (b) 
Fig. 8. 0(tr) corrections to Z3. 

At higher order, there is a contribution to Z3 from gravity. Here, we calculate 
diagrams including an internal conformal mode. Such contributions appear at 
0{ef). The diagrams are depicted in Fig. 9. They all yield simple poles. Here, 
diagrams including the ordinary two-loop photon self-energy and the four-photon 
interaction as a subdiagram are not depicted in Fig. 9, because each sum of such 
diagrams is finite, as discussed in Subsection 6.2. From a simple counting of the 
number of loops and e's at the vertices, diagrams including (p'^ — A — A vertices 
and diagrams including two internal conformal-mode lines are trivially finite at 
0{ef), and therefore they are also omitted. 




(a) (b) (c) 

Fig. 9. 0{ef) diagrams yielding simple poles contributing to Z3. 

We also calculate the residue of the double-pole term of Z3 at O(e^). It 
produces a simple pole counterterm of the type (j)—A—A, as discussed in Section 
4, which is used to show the finiteness of the vertex corrections below. There are 
only three diagrams contributing to double poles, which are depicted in Fig. 10. 




(a) (b) (c) 

Fig. 10. O(e^) diagrams yielding double poles contributing to Z3. 
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In summary, we obtain 



3 (47r)2 e V 27 h J (47r)4 e 

Here, the simple-pole and the double-pole terms proportional to l/6c are the 
contributions from diagrams in Figs. 9 and 10, respectively. The other terms are 



well-known QED corrections [4C . 

We now calculate the beta function for the QED coupling constant, 

/3e = /i-^er. (6.15) 

The renormalization group equation (RGE) is defined as an equation stipu- 
lating that the bare quantities are independent of the arbitrary mass scale, 
/i^(bare actions) = 0. Thus, we obtain the equation /U^e = 0, so that the 
beta function can be expressed as 

/?e = -ee. + -- — . (6.16) 

The bare constant h is treated in a slightly different way. Since = 0, the 
dimensionless quantity h satisfies = 2e6. We can re-expand h using the 



dimensionless bare coupling constants e and t as 6 = X^n in-A\n ? where 



dfj, 

= E (6.17) 



r,s>0 

and hence = (^^- '^'^^ RGE implies that the coefficients h'^^n"^ are not 

running coupling constants and that they satisfy the linear equation 

/^|^fe'i:/^=2(l + r + .)e6S^). (6.18) 

Thus, if we wish to derive the beta function from information concerning the 
poles of the renormalization factor, we must consider 6^*'n*'' unknown constants 
and use equation (|6.18| ). After deriving finite expressions, we must substitute the 
values of h'^"^^^ into them. 

We can now calculate the beta function for the QED coupling constant. Here, 
the related coefficient is only h^-, which satisfies /^^&c = 2e6c- For the moment, 

consider the general expression of Z-^ expanded in and the inverse of as 

l + -l + -| + ... + j-(-l + -l + ...)+^(-l + -| + ...U-.(6.19) 
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where 



A, 




A2 


= J2 ^2,ne1" 




n>l 




ra>3 


Bi 


= J2 Bi,neT-, 


B2 






n>2 




n>3 


Ci 




C2 





(6.20) 



n>3 n>4 



Solving the simultaneous equations ( |6.15| ) and (|6.16|) order by order in e, we 
obtain the relations between the residues of double poles and simple poles 

A2,3 = -^Ai,iA,2, ^2,3 = -^Ai,i5i,2, (6.21) 

and a finite expression for tlie beta function in the e — ^ limit, 

577 
/5e = -Ai,ie3 - 2Ai,2e^ - SA,-,el - 3Si,2^ - ^,3^ - 5Ci,3^ + ■ ■ ■ . (6.22) 

The residues summarized by ( |6.14[ ) do satisfy relation (|6.21| ). Note that the 
coefficient, 3, in front of the B12 term implies that the diagrams in Fig. 9 are 
essentially of the three-loop kind. This is reasonable, because the vertex of type 
(p — A — A with essentially corresponds to a one-loop diagram. Thus, the 
treatment for b mentioned above may be considered a trick to count the number 
of loops correctly. 
Thus, we obtain 

Substituting the value of 6c into (|6.7|), we can see that the sign of the O(e^) term 
becomes negative for np > 24. This result, as well as the result for (|6.5|) , 
suggests that all gravitational corrections give negative contributions to the beta 
functions. Hence, provided that the residues of the simple poles of Z3 at O(e^t^) 
and 0{tl) are positive, which give negative contributions to /?e, "we can consider 
the scenario in which the UV fixed point of the QED coupling constant becomes 
zero, or close to zero, asymptotically beyond the Planck mass scale. 



6.5 0(e|?) renormalization of (/) — A — A vertex I 

The renormalization factor has double poles at O(e^). This means that a 
new counterterm for the vertex of type (J)— A— A appears at O(e^). In the following 
two subsections, we directly check whether this vertex is renormalizable using only 
the data for Z3 and = 1. 
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In this subsection, we first consider the case in which there are no internal 
gravitational fields. The diagrams that potentially have UV divergences at O(e^) 
are divided into four groups, as depicted in Fig. 11. These are described in the 
following. 




(a) (b) (c) (d) 

Fig. 11. 0{ef) (j) — A — A vertex diagrams without internal gravitational fields. 

Diagram (a) in Fig. 11 represents the sum of diagrams given by attaching 
a line with at the end to internal photons in the ordinary two-loop photon 
self-energy (2LPSE) diagrams [Fig. ll-(a)]. Since the sum of the diagrams for 
2LPSE gives only a simple pole, diagram Fig.ll-(a) also gives a simple pole. 



'.npet. 



npet 



Fig. 11- (a). (j) — A — A vertex diagrams (a). 

Diagram (b) in Fig. 11 represents the sum of diagrams given by attaching 
a line with e at the end to internal photons in the ordinary three-loop photon 
self-energy (3LPSE) with a single fermion loop [Fig. ll-(b)]. It is known that the 
sum of the diagrams for 3LPSE with a single fermion loop yields only a simple 
pole, and thus diagram Fig. 11- (b) becomes finite, due to the e at the vertex. 




Fig. ll-(b). ip — A — A vertex diagrams (6). 



23 



Diagram (c) in Fig. 11 represents the sum of diagrams given by attaching a 
hne with e at the end to internal photons in 3LPSE with two fermion loops [Fig. 
ll-(c)]. Since the sum of the diagrams for 3LPSE with two fermion loops gives a 
double pole, but not a triple pole, diagram Fig. 11- (c) yields a simple pole. 




Fig. ll-(c). (p — A — A vertex diagrams (c). 

Diagram (d) in Fig. 11 is the O(e^) direct counterterm mentioned above. 
The sum of all UV divergences evaluated at zero momentum for the external 
conformal mode vanishes exactly: 

rj;^^(0; k, -k)\j = {-l + f + iyFj^-,-,(^^-^^" - ^^^^) = 0- (6-24) 

We here normalize the effective action in the momentum representation as F = 
/H[c?fc][rf/](27r)^5^(p + fc + /)0(p)A;;(fc)A;:(/)r^;^^(p;fc,/), where [dp] = 
The first and second terms in the braces result from the diagrams in Figs. 11- 
and ll-(c), respectively. The third term in ( |6.24| ) comes from the direct 



counterterm diagram (d) in Fig. 11 related to the double pole term in 



6.6 0{ef) renormalization of (l) — A — A vertex II 

Next, we consider the vertex diagrams of type (p — A — A, including internal 
conformal-mode lines that yield divergences proportional to e^/bc- The diagrams 
are depicted in Fig. 12, where, for diagrams (e) to (g), the other assignments of 
e and on the vertices should be taken into account. As mentioned above, the 
sum of diagrams at O(e^) including 2LPSE as a subdiagram is finite. The same 
conclusion holds for diagrams including 3LPSE, four- and six-photon interactions 
as a subdiagram. Therefore, none of them are depicted in Fig. 12. The new 
features that do not appear in the previous cases are that there are contributions 
from vertices of types (p^ and (p'^ — A — A. 



24 







Fig. 12. 0(e6) 



(m) (n) 
-A — A vertex diagrams with internal conformal modes. 
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From a direct calculation, we can see that the sum of the UV divergences from 
diagrams (d) to (i) in Fig. 12 exactly vanishes when evaluated at zero momentum 
for the external conformal mode. The sum of the UV divergences from all other 
diagrams also vanishes: 

The first value in the braces results from the sum of (a) to (c), the second from 
the sum of (j) to (m), and the third from the direct counterterm diagram (n), 
whose value is derived from the residue of the double pole of Z3. 



7 Physical States in 4D Quantum Gravity 

That a theory possesses quantum diffeomorphism invariance implies that the 
theory is independent of the background metric. Thus, in the quantum gravity 
phase, the physical distance measured by the metric field would become meaning- 
less. This implies that IR effects and UV effects are sufficiently strong. Therefore, 
the usual Fock states based on the vanishing of correlations among them in the 
IR limit are no longer physical states in quantum gravity. 

The physical state conditions reflecting background-metric independence are 
represented by the equation = {T^y) = 0. These are usually called the 
Hamiltonian momentum constraints. In 4D quantum gravity, we use perturbation 
theory to treat the traceless mode so that the background-metric independence 
is slightly violated. This violation would, in principle, vanish if the perturbative 
calculation were carried out to infinitely high order. However, as in 2D quantum 



gravity p3| , |25| , we can prove rigorously the background- metric independence for 



the conformal mode in the free field limit, tr = Cr = JTS], |T^, which is realized 
at very high energies. This is an advantage of our formalism. We can study the 
structure of the physical states in the very high-energy regime using this free field 
model. 

The physical state conditions are exactly solved in 2D quantum gravity using 
conformal field theory p2|, Recall that although 2D quantum gravity is a free 



theory, it has rich structure: an infinite number of physical states ^6], a non-linear 



property of factorization |^|, and so on. For instance, the physical states of 2D 



quantum gravity coupled to a scalar field X with central charge cx = 1 are given 
by /rf^a;: e2<^:, J d^x : dXdX J d^x : {d^X ± 2i{dXy){d^X ± 2i{dXy)e-'''^'^ 
and so on, where :: denotes the normal order, and the conformal mode is prop- 
erly normalized. These infinitely numerous states are called "discrete states." 
Here, note that there is an analogy between this two-dimensional field X and 
the traceless mode h^^ in 4D quantum gravity, because 2?T,-th order fields in 2n 
dimensions have the same IR and UV behavior for every n. As for the confor- 
mal mode, the relation to 2D quantum gravity is more apparent: the first term 
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in the action, Si{(j),g), in each dimension satisfies the Wess-Zumino consistency 
condition, which is used to prove the background-metric independence for the 
conformal mode p5|, O]. Thus, ahhough 4D quantum gravity is asymptoti- 



cally free, the physical states are non-trivial even in the very high-energy regime, 
which can be described with diffeomorphism invariant composite fields. 

One of the simplest physical states is the cosmological constant. We here in- 
vestigate it for tr = Cr = in detail. In dimensional regularization, the cosmolog- 
ical constant is given by A / d^xe^'^ = AJ2nI d^x^cp"" in the fiat background,H 
which is renormalized by replacing the bare constant A by ZaA^,. Since there is 
no coupling constant for the conformal mode, we, for the present, evaluate the 
renormalization factor for large np- 

The diagrams yielding simple poles at 0{l/bc) and 0(1/6^) are given by (a) 
and (b) in Fig. 13, respectively. Contrastingly, diagrams with separated ovals, 
for example, diagrams (a) and (b), in Fig. 14 at 0(1/6^), do not produce simple 
poles. More precisely, the sum of the UV divergences from diagram (a), itself, in 
Fig. 14 and from the associated subdivergence counterterm diagram not depicted 
here, yields only a double pole, while diagram (b) in Fig. 14 gives no contribution 
to Za, because the UV divergence from diagram (b) itself cancels that from its 
associated subdivergence counterterm diagram. In general, because a diagram 
with more than two separated ovals does not produce a simple pole, it does not 
contribute to the anomalous dimension. Thus, we obtain 

2 12 12 1 , 

and hence the anomalous dimension of the cosmological constant is 

7A = ff^ = f + - + ■•■. (7.2) 





(a) (b) 
Fig. 13. 0{l/bc) and 0(1/6^) corrections to the cosmological constant. 



■^In previous papers |T4| |T^, in analogy with the operator formahsm of DDK, the anomalous 
dimension was computed using a procedure in which the deformed cosmological constant field 
6°"^ is considered, and the equation a — 4 + 7A is solved for a, where 7a is given by a 
function of a computed with one-loop diagrams. However, this procedure is actually incorrect 
in dimensional regularization, because diffeomorphism invariance is obviously violated, though 
the derived anomalous dimension for the cosmological constant seems correct. Here, we revise 
the procedure in a manifestly invariant way. 



27 



(a) (b) 

Fig. 14. 0(1/6^) corrections to the cosmological constant that do not yield 

simple poles. 

Let us now see what is obtained when summing up all orders. Using the 
analogy to 2D quantum gravity, the anomalous dimension defined by subtracting 
the canonical dimension from the quantum dimension was conjectured to be 
TH 



7A 



26. 1 




4 8 20 
K ^ 6? +■ 



(7.3) 



The first two terms in the expansion agree exactly with the computed terms. The 
corresponding diagrams at 0(1/6™) are given by diagrams with a single oval in 
Fig. 15. Here, the first diagram has m — 1 0^- vertices with e6i, the second one 
has m — 3 0'^ vertices with ebi and a 0^- vertex with e^6i, and so on. The last one 
is constructed by using a (f)"^'^^ -vertex with e'"~^6i. Each diagram has m loops 
multiplied by e*""^, so that it yields a simple pole. Since the other potentially 
divergent diagrams with multiple ovals do not produce simple poles, only the 
diagrams in Fig. 15 contribute to the anomalous dimension at 0(1/6J: 




,m— 1 




two dimensions, the anomalous dimension can be exactly calculated using conformal field 
theory as 7a = a — 2, where a = 5c(l — \/l — 4/6c) is the Liouville charge of the cosmological 
constant operator, : 6°"^ : For 2D quantum gravity coupled to N scalar fields, be = 

(25 — -/V)/6. In dimensional regularization, the first two terms of 7a in the expansion w.r.t. I /be 
is also obtained by evaluating the same diagrams in Fig. 13 when using the propagator and 
the vertices obtained from the bare action, J dPx^R and the series ( |3.8| ), where bi — ^ 
can be determined by computing one-loop divergences for the counterterm of ^/gR. 
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Fig. 15. 0(1/6™) corrections to the cosmological constant. 

Here, there is an important observation concerning the ambiguity of the action 
Go. This action is defined by the series (|3.10 ). All vertices used in Fig. 15 stem 



from the term 0"^A40 in From a simple counting of the number of loops 

and e's at the vertices, we can easily see that, if we use the vertices coming 
from the 0{(j)^) term in Sl^\ diagrams with a single oval become finite. Also, if 
we use vertices obtained when 6o 7^ in (|4.8|) , the same conclusion is reached. 
Furthermore, although there is a potentially divergent diagram with the 0(0") 
vertices in the case that it has more than two separated ovals, it does not yield 
a simple pole, as mentioned above. Thus, the anomalous dimensions of the 
cosmological constant can be determined only from the first term in S!;^\ 

In this paper, although we have only considered the case of the cosmological 
constant, generalization is straightforward. It seems natural to assume that the 
physical state is given by a combination of diffeomorphism invariant composite 
fields. Thus, we conjecture that the physical state can be classified according to 
the condition of renormalizability. In that case, all physical quantities, such as 
anomalous dimensions, would be independent of the choice of the 0(0") term 
in Sl^\ as in the case of the cosmological constant. In this sense, Gd is almost 
unique. 



8 Discussion 

In this paper, we studied the problems of higher-order renormalization and 
physical states in 4D quantum gravity. Using dimensional regularization with 
great care concerning the conformal-mode dependence, we carried out the renor- 
malization of a model of 4D quantum gravity coupled to QED up to O(e^) and 
0{t1). The procedure is manifestly diffeomorphism invariant, and resummation 
was done without making an DDK-like assumption. As a by-product, we found 
that higher-order gravitational corrections to the beta functions of and t^. are 
negative. 

This model suggests that a configuration characterized by the vanishing of 
the Weyl tensor becomes dominant at very high energies, where the coupling tj. is 
small. Such a configuration is called conformally fiat, or 5*^ x (conformal factor). 
Quantum gravity may be realized in the early universe and on inside of black 
holes, where spacetime singularities would appear in the classical description. 
However, this model suggests that such singularities disappear through the effect 



of quantum gravity |41 



Physical states in our model were discussed in analogy with those in 2D quan- 
tum gravity. In particular, the cosmological constant term was studied in detail. 
In general, even though the theory is asymptotically free, the physical states 
might be given by diffeomorphism-invariant composite fields, such as glueball 
states in 4D Yang-Mills theory, because of the strong IR effects. Therefore, to 
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distinguish them from ordinary gravitons, we here call them "graviball states." 
A photon may also be confined as a photonball state in quantum gravity. On 
the other hand, usual graviton and photon states are low-energy states, which 
would appear when the background-metric independence, namely the condition 
Tfj^ulphys) = 0, is violated. It is not, at present, understood how to connect the 
quantum gravity phase with our present Einstein phase. It seems that there is a 
discontinuity between them. 

Finally, we comment on recent interesting numerical results concerning the 
dynamical triangulation (DT) approach Q in four dimensions [^ -[^ 



It is believed that the DT method realizes the quantum gravity phase in the 
very high-energy regime. The entropy factor in the DT approach corresponds to 
the four-derivative gravitational actions, because they are dimensionless in four 
dimensions, so that they essentially represent quantum effects. The annomalous 
dimension of the cosmological constant in this regime is almost given by a function 
of be, as discussed in Section 7, and corrections that depend on the coupling 
constant tr are small ITBI. If we consider a gravity system coupled to nx conformal 



scalar fields and gauge fields, be is given by a function of + 62?T,yi, and hence 
7a is a function of nx + 62?t,^. This number dependence should be numerically 
checked using the DT approach . 
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Appendix 

A Conformal- mode Dependence of Curvatures 

The conformal mode dependence of curvatures in D dimensions is obtained by 
using the expression for the Christoffel symbol T^^^ = T^^^ + ^cj) + g\V ^(p — 
giiu^^(p, as 



^{9\9^a - g\g^,)Ws(t)W'(t), (A.l) 

R = e-2'^{i?-2(D-l) (D- 1)(D-2)Va0V^0}, (A.3) 

where A^^, = V^Vi,0 — V^0Vi.0. Our curvature conventions are = R'^^^xu 

and R\^, = d„T\, . 
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The variation formulae with respect to the conformal change S^^g^i, = 2ujg^ 
are given by 



and 



A /TTR — 


( n 


'^j^yQJ^ ^\^^ ^Jy/y'-'^ 


(A A\ 




(D 


- Ap^R^'^^'^R^^xa - S^R^'V^V.uo, 


(A.5) 




(D 


- A)iu^R^'''R^, - 2^RUuj 








-2{D - 2)V^i?^^V^V.u;, 


(A.6) 


Su^VaR' = 


(D 


-A)uj^R^-A{D-l)^Rnuj, 


(A.7) 


5^V9°R = 


(D 


- A)uj^m + {D- Q)^V^RVxUJ 








-2^RUuj-2{D-l)^d'u, 


(A.8) 




(D 


~A)uj^F,,F^\ 


(A.9) 



Applying these variation formulae to (|3.14|) , we obtain 

[5..,,6^,]T = {Ar], + Dr]2 + A{D-l)T]s + iD-A)r],} 

X j d'^x^R{uJinuj2- uj2^uji)- (A.IO) 

Thus, the integrabihty condition is given by (|3.15|) . 



B Expansions of Curvatures 



From expression ([A.3|) , we can see that the spacetime integral of the scalar 



curvature is expanded around = 2 as follows: 

n=0 



j d^x^R = Y: ^ ^, ^ / d^'x^gl-iD - l)r 0<p + Rr}. (B.l) 



This is the action of 2D quantum gravity near two dimensions. 

Next, we consider the expansion of four-derivative actions near four dimen- 
sions. The spacetime integral of is expanded around D = 4 as 



d'^x^Mo 
D-A 



J d^'x^R' 



A{D - 1 

'^^^^ E J d'^xfg^iD - A)rR' - 2{D - l)iD - 6)0"i? 04 

+2{D - 1){D - 2)0"V^i?VA0 + A{D - 1)^0" n (f) 
+8{D - 1)\D - 4)0" □^V^^Vac/' 

+ {D - 1)\D - 2f{D - 4)0"(VVVa0)'}, (B.2) 
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and, also, the spacetime integral of G4 is expanded around D = 4 as 

-2{D - 3)0"i? 50 - 2(D - 2){D - 3){D - 4)0'" D^V^^Va^ 



The last two terms in each of the series in (|B.2D and ( [B.3|) give contributions of 



0(0"'"'"^) and 0(0"+^) at order (D — 4)"', while the series in ( p.llj ), which we seek, 
gives a contribution of at most 0(0"+^). Thus, in order to obtain the series in 
we must consider the sum of these two actions, / d^Xy/g^G^ + rjMf)), and 



choose the constant r] properly in order to remove the last two terms. Although 
we cannot exactly remove these terms simultaneously, the series we seek can be 
obtained by merely removing the last term, so that r] = In this way, 

we obtain 

d^x^Go 

E I d^'xfgl^rED + "^^^Zf r + ^{D - 3)0"i?^'^V^V.</ 

AiD - 3)iD^ - 6D + 10) _ 2(D-3)^(D-6)^„^,^^^^ 



n=0 



{D-l){D-2) ^ ^ {D-l){D-2) 



2{D-3){D-4:) 
D-2 



3 



□0Va0V 



A, 



J d^sy^|G'4 + {D-4) (^20A40 + ^40 + ^^') (B.4) 
4)2(^202 A40 + E40' 
+60 n(f) + 80i?^'^V^V^0 - ^0i?n0 + ^0V^i?VA0 



9 ' '9 



9 ^ 9 ^ 54 



+ ^^{D - 4)3(203 A40 + ^40' - 6 □0V^0Va0 + 902 □'0 + ■ ■ ■) 



3! 

+0((Z}-4)4 



C BRST Formulation 



The general coordinate transformations S^g^^, = g^xV^^^ + g^x^ ^^'^ can be 
completely decomposed into transformations of the conformal mode and the 
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traceless mode as 

5^<P = ^>^dx<P + ^V,e, (C.l) 

where Va^^ = Va^'^ is used. The traceless-mode part can be expanded in the 
couphng constant t. The general coordinate transformation for is given by 

6^A^ = rV.A^ + A^V^C = CduA^ + A^d^C, (C.2) 

and the U{1) gauge transformation is 6xA^ = d^\. 

Let us fix the coordinate transformation invariance for the traceless mode and 
the gauge invariance of the photon field according to the procedure of the BRST 
quantization. The BRST transformations can be obtained by replacing /t in 
the equations for general coordinate transformations, ( |C.1|) and ( |C.2|) , and A in 
the f/(l) gauge transformation with corresponding Grassmann ghost fields, 
and c, respectively. We obtain 

^Jih^'u = {v^c, + V,c^--|5^,VAC^ + tc^VA/i'^, 



5b0 = tc^d^(l)+-V^d', 



t 

D 

SbA^ = d^c + tc'^d^A^ + tA^d^c", (C.3) 

5bc>' = B^", 6bB^ = 0, 
Sbc = B, 5bB = 0, 

where = g^uc'^- We can easily see that this BRST transformation is nilpotent. 
Using this transformation, the gauge-fixing term and the FP ghost action can be 
written as 



d^'x^S^B^N^^x" - ^B^'N^uB-" - ^N,uVHBh\ (C.4) 

+BV^A^-'^B^ -cV^5bA,Y 

where x^ = V^h'^^^ and iV^^^ is a symmetric second-order operator defined on g^u. 
This action has a covariant form with respect to (jf^^, but not with respect to the 
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dynamical gravitational modes, and /i'^^. Note that the conformal mode does 
not couple with all ghost fields, and the ghosts for the U{1) gauge invariance are 
not coupled to the traceless mode either. If and B are integrated out, we 
obtain 

In the following, we use the fiat background, in which ^^j, = The bilinear 
term of the traceless mode is given by 



lgf 



t2 



/ ^""^^^ = -^Z:^ [K^d^Ku + '^X,d\, - -^^X^.^^^,Xu) + 0(t), (C.6) 

where x^l = d\h^x and = dxdx- From this expression, we should choose the 
following form for the gauge-fixing term: 



From expression ( C.5 ), C = 1 corresponds to the Feynman-type gauge, in which 
the gauge- fixing term cancels out the last two of the kinetic terms in ( p.6|) . Then, 
the propagator of the traceless mode becomes 

^^-^^(//f),.,A., (C.8) 
where In is the projection operator to the traceless mode, 

which satisfies J|f = Ih- 

D Vertices in biSi^\(t),g) 

From the expansion in ( |B.4| ), we find 

1 



S['\<P,9) = J rf^a;V^|20A40 + ^40+-i?'}. (D.l) 

The bare action biSi^\(j), g) is expanded in the coupling t in the fiat background, 
apart from the kinetic term of 0, as 

4^ = -hitd^cj^d^d^h^, + ^t^{d,d,h,,f, (D.2) 
o io 



= 2ht{ 2d^<pd,d^<P + ^d^dx<pd,dx^ 
2 



= 2bit'^(^d'^(j)df,du<j)hf,xKx + d^dy(t)dxd^(l)h^^hxa 

+ terms including dh ) , (D.4) 
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where Cg^ is derived from the term — |&i(nit!)0 + |6iit!^. The vertices and 
jCg^ are from 2bi(f)A.4(f). 
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